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Vlasov equation — beam in a focusing channel

Paraxial approximation

For ¢ — 0 solve

ofe v ofe¢ . r\ off

b Rl Gl e il

10(rEs) . (1)
PR _/f(t,r,v)dv

fe(t=0,r,v) = fo(r,v).

where
e ¢ =f%(t,r,v) particles distribution function
e Time t € [0, T], Position r > 0, Velocity v € R

@ r — r/e focusing external electric field

o E=(t,r) self-consistent electric field
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Vlasov equation — strong magnetic field

Drift-kinetic regime

For ¢ — 0 solve

DefE 4 v - Vyfe + <E5 + ivL) -V f =0,

B (x,1) = ~Vyd®, Ay = [ fdv—n;, )
R2

fe(x,v,t =0)=1f(x,v),

where
o ¢ =1f%(t,x,v) Particles distribution function

e Position x = (x1, x2), Velocity v = (vi, v2), and v = (—va, 1)

@ Strong and constant magnetic field in the x5 direction
e E°(x,t) evolves in the plane L to the magnetic field.
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Particle-In-Cell method

Dirac sum approximation for f¢ :
fon, (t,r,v) = }:wkar_Rk )) (v — Vi(t))

where N, is the number of macroparticles and (Ry(t), Vi(t)) is the
macroparticle k moving along a characteristic curve of Vlasov eq.

RI(t) = 1 v(e), R(0) = ro
V() = —é R(t) + E(t, R(1)), V(0) = vo

The same thing for (Xk(t), Vi(t))

X'(t) = V(t), X(0) =xo
V/(t) = %VJ‘(t) + ES(t, X(t)), V(0) = vo
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Highly oscillatory solutions

@ When E = 0, the solution is
R(t) \ _ t ro _( cosT sinT
< V(t) ) 7R<E) < vo ) where R(r) = ( —sinT cosT >

@ When E = 0, the solution is
t
X(t) = xo +evy — R (g) vy
t
v(t) =R ()
(t) Z) Vo
xo + evg is the guiding center.

@ When the electric field not zero => stiff solutions (i.e. evolving on
two disparate time scales)
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Homogenization — The two-scale limit - First model

Reference : Frénod - Salvarani - Sonnendriicker, M3AS, 2009.

As ¢ — 0, f© two-scale converges to F, i.e.|f(t,r,v) ~ F(t, £, r v)

s er s

her %—i— oF r%—Om ning that
wee8 o av—,ealga

F(t, T, r, v) = G(t,RT(r7 v))7 where
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Homogenization — The two-scale limit - First model

Reference : Frénod - Salvarani - Sonnendriicker, M3AS, 2009.

As ¢ — 0, f¢ two-scale converges to F, ie.|f(t,r,v) ~ F(t, L, r,v
g c

her oF +v oF raF 0, meaning that
- —_— = 1
R T VS &

F(t, T, r, v) = G(t,RT(r7 v))7 where

R is a rotation in R? and G = G(t, q, u) is the solution to

0G

1 2w .
E(ta q, Ll) + 5= /0 RT (07 Eo(ta T, 72’! (q7 U)))dT ! vq,UG(tv q, U) = O

21

0
G(t:O,q,u):%fO(q,u) and %5”': /GtRTrv

Gain : larger At may be used in a numerical scheme for G.
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The two-scale limit - Second model

Reference : Frénod - Sonnendriicker, Asympt. Anal. 1998.

F
As & — 0, f© two-scale converges to F, where Z— +vt V,F=0 e
T

F(t7 T, X, v) = G(t, X, RT(V)),

where G = G(t, x, u) is the solution to

0G

E—O

1
G(0,x,u) = z—fo(x7 u) and some limit Poisson equation
i
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Our approach

Aim
© Perform simulation of the models (Vlasov-Poisson for f¢) with large
time steps with respect to the oscillation (27¢).
@ The scheme to be uniformly accurate when ¢ goes to zero.
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Our approach

Aim
© Perform simulation of the models (Vlasov-Poisson for f¢) with large
time steps with respect to the oscillation (27¢).

@ The scheme to be uniformly accurate when ¢ goes to zero.

General Problem : Solve stiff ODEs where stifness arises from the
linear term

(£ = Ly(8) + F(t.y(1).

Difficulties : We look for a numerical scheme to be stable and accurate
for any initial condition and during both phases (fast and slow).

Drawbacks :
— explicit methods need very small time step (for stability)
— fully implicit methods are costly (slow).
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Stiff ODEs

An exponential integrator for highly oscillatory Vlasov-Poisson syste



Stiff ODEs and slow manifolds

1
When € < 1 solve y/(t) = —gy(t) + F(t,y(t)).

QO InR:y'|(t)= —ly(t) —sint. The solution is
€

2

y(t) = ()/0 T 27 1)e*t/efﬁ(sin t —ecost).
Thus, ON the slow manifold
()= ——sint + e cos t
= 1 .
Y e2+1 e2+1

@ InC:y'(t)= iy(t) + e'. The solution is
€
oy it
Sy ey

“The 'slow manifold’ is that particular solution which varies only on the slow time scale;
the general solution to the ODE contains fast oscillations also.” - J.P. Boyd

An exponential integrator for highly oscillatory Vlasov-Poisson syste

y(t) = e"*(yo +



Exponential integrators

Huge literature

@ M. Hochbruck, A. Ostermann, Exponential integrators, Acta
Numer., 2010.
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Exponential integrators

Huge literature

@ M. Hochbruck, A. Ostermann, Exponential integrators, Acta
Numer., 2010.

Consider 3 methods avoiding the small time step :

@ ImEx (or Linearly Implicit method),
o Integrating Factor (Lawson 1967)
o Exponential time differencing (Certaine 1960).
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Exponential time differencing - History

ImEx and Integrating Factor methods are frequently used for solving stiff
PDE’s. ETD is less common but has been re-invented many times over
the years.

@ the term comes from “computational electrodynamics” (Holland
1994, Taflove 1995) : ETD1

o Certaine 1960 : ideas + multistep ETD methods of any order

@ Ngrsett 1969 : arbitrary order A-stable exponential integrator

@ Cox & Matthews 2002 : formulas for ETD Runge-Kutta methods of
order up to 4. ETD is superior over ImEx and Integrating Factor!

e Kassam & Trefethen 2005 : ETDRK4 is tested against 5 other 4th
order schemes on several PDEs.
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ImEx and Integrating Factor methods

ImEx : implicit formula to advance the linear part
explicit formula to advance the nonlinear part.

e works well on the slow manifold.
e fails to capture the stiff behaviour.
e for A-stability, cannot extend beyond 2nd order.

Integrating Factor : multiply the ODE by et/

(e ™/ey) = e ™/eF(t,y(t))

or u =e t/5F(t e™/u) and use an explicit scheme.
e inaccurate for F slowly varying
e the stiff part is solved exactly.

e can extend to any order.
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Exponential time differencing

Exact solution to

(e7/ey) = e ™/°F(t,y(t))

thi1
Ynp1 = By, 4 e(At/E)L/ T el /ELE (1 (7)) dr

ty

e smaller errors than IF on the slow manifold.
e the stiff part is solved exactly.

e can extend to any order.
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Examples of Exponential time differencing schemes

@ by Multi-step methods
ETD1 : approx F on [tn; tn+1] by Fa

Yar1 = e8Iy, 4 Fre(e@/9 — 1)

ETD2 : approx F on [ts; tay1] by 7 — Fn+ (7 — ta)(Fa — Fa—1)/At

o by Runge-Kutta methods
ETD2RK : approx F on [tn; tas1] by 7 +— Fn + (7 — ta)(Fat1 — Fn)/At, where

(At/e)L

Foi1 = F(tais, e Yo+ Foe(e®/9F — 1))

ETD3RK : approx F on [tn; ta+1] by a quadratic interpolant ...
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Particular cases

1) L= —1: Solve

(£ = ~Zy(1) + F(t (1)

e ETD is used only for computing precisely the rapid decay (when the
initial condition is OFF the slow manifold).

o Implicit Euler works very well (out of the fast phase) even with big
time steps w.r.t. €.

0 11\
2)L:<1 0).Solve

RI(t) = 1 v(t)
‘1

V/(t) = — R(1) + E(t.R(1)).

ETD computes exactly the fast oscillations. Implicit Euler drifts inward.
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Fast oscillations case

B 0 1 o cost sint \
OL_(—l 0) - € _<—sint cost>_'R(t)'
e E(t,r) is either given by Poisson or by E(t,r) = —r3.

The ETD is

(B ) =) (5 (2 [ m () (e oy ) &

Tests with the approximation ETD2RK : linear interpolation of the slow
integrand through t, and t,11 by using ETDI for the prediction at t;;1.
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Fast oscillations case

B 0 1 o cost sint \
OL_(—l 0) - € _<—sint cost>_'R(t)'
e E(t,r) is either given by Poisson or by E(t,r) = —r3.

The ETD is

(B ) =) (5 (2 [ m () (e oy ) &

Tests with the approximation ETD2RK : linear interpolation of the slow
integrand through t, and t,11 by using ETDI for the prediction at t;;1.

= inaccurate results

An exponential integrator for highly oscillatory Vlasov-Poisson syste



Fast oscillations case

B 0 1 o cost sint \
OL_(—l 0) - € _<—sint cost>_'R(t)'
e E(t,r) is either given by Poisson or by E(t,r) = —r3.

The ETD is

(B ) =) (5 (2 [ m () (e oy ) &

Tests with the approximation ETD2RK : linear interpolation of the slow
integrand through t, and t,11 by using ETDI for the prediction at t;;1.

= inaccurate results

since for At > 2¢ errors are significant (especially for particles off the
slow manifold). The beam do not spiral at the good rate.
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Global errors : the case E(t,r) = —r

3

e = 1072, final time = T, size of the beam ~ 1.
Starting with a particle on (left) and off (right) the slow manifold.

e=1E-2

08
07
06
05
04
03
0z
01

global error

£
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7
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time step

global error
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e=1E-2

o
0

T T T
symplectic Verlet ——

RK4 solver
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1 1
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time step

Similar results in the coupling with Poisson case.
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The new ETD algorithm — big time steps
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New algorithm (1/2)

If we want At > ¢ then find the integer NV and the real o s.t.
At=N-(2me) + o
2me is an approximation for the fast time for one grand tour.

Thus the integral term in the exact ETD writes

/~f,,+1 N=1 t,427e (j+1) thi1
dr = g / dr + / dr
tn =0 th+27e § thy1—0

that we approximate by

th+2me tht1
N/ d7'+/ dr
t, thi1—0
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New algorithm (2/2)

© By the exact ETD we have

e [ e (0135 )

n

@ we have to compute (R(t,, + N -27e), V(ta + N - 27r5)) since needed in
the 3rd step. By the exact ETD we have

R(ts + N - 27) R,
( V(tn + N - 2me) )*( Vi ) NI

Q likewise, 7, = ft"“ dris

n-r(-2) (5 ) - (Pethig)

where R(t, + 27=) and R(tn11) need to be calculated by RK4 with small step.
Replacing these formulae in the exact ETD leads to

Rpy1 = k(thrl) and Vo = V(thrl)
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The algorithm (ETD-PIC scheme)

The ODE's solution (R, V,) at time t, is given. Then

© compute (R, V) at time t, + 27e by using a fine Runge-Kutta solver
with initial condition (R,, V,).

@ compute (R, V) at time t, + N - 2we by the following rule
R(ta+ N-27e) \ [ R, N R(t, +2me) — R,
V(th+N-2me) |\ V, V(t,+2me) -V, )~

© compute (R, V) at time t,.; by using a fine Runge-Kutta solver
with initial condition (R, V') obtained at the previous step.

Assumption :

ta+N(27e) ty— T 0 th+27e
/t R( - )(E(T’R(T)))dT:N-/t . dr
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Test case (2D phase space)

e initial condition for Vlasov :

fo(f, V) = 2V"' 1[ R R]( )

1
V2T vth
where v, = 0.0727 and R = 0.75.
e N, = 10000 particles.

o E(t,r)=—r3or —r.

@ coupling with Poisson equation

LA(rE) = /f(t,r,v)dv

r Or

trapezoidal rule with 128 cells.
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Global errors at final time 3.5

«— ONsm i.c. =-r Poisson | OFFsm i.c.—
0.0006 0.07 ———
£=1.E-2 ——
0.0005 | 0.06 - e=5E3
0.05 | e=LE3 —%—
5 0.0004 ‘E e=5.E4 —5—
5 o 0.04 [Fe=1E4 -
= 0.0003 @ £=1.E-5
2 2 003 -
E Cl
S 0.0002 [ > g0z | |
0.0001 .01 | f/K .
P,
0 ’rﬁﬂ\//\ [ T T N [ L
0 010203040506 07 0809 0 010203 04 0506 07 0.8 0.9
time step time step
0.025 0.04
0.035
0.02 -
0.03
g o015 - § o025
@ @
= z 002
g or S po1s
0.01
0.005
0.005
0 n-"r/. L L L L 0
0 010203 04050607 0809 0 010203040506 07 08 09
time step time step
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A more accurate (mean) period

Use of an inaccurate period in the Algorithm can lead to instability
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A more accurate (mean) period

Use of an inaccurate period in the Algorithm can lead to instability

Example :
1
R(t) == V(1)
1
V/(t) = = R(t) — R(t).
@ a phase space trajectory is an ellipse

o the rapid period is T = 27e/+/1+ ¢ for all the initial particles =>
not spiraling beam.

@ the slow manifold {(0,0)}

@ ONsmi.c. ry~0.306, vp ~7-107° and
OFFsm i.c. rg ~ 0.748, vo ~ 0.142

@ using 27e instead of T drifts particles outward in the phase space
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Global errors at final time 3.5 with the mean period

< ONsm i.c.

0.0007 T T T T T T
e=1.E-2 —+—
0.0006 [ £=5.E-3
e=1.E-3 —%—
0.0005 | e=5.E4 —5—
5 e=1.E-4 5
@ 0.0004 | e=5E5 il
@ ™
g 0.0003 | B E
o o
0.0002 | B
0.0001 ,//“ E
o
o L / I 1 I L
0 010203040506070809
time step
0.0025 T T T T L
e=1.E-2 ——
e=5.E-3
0.002 - g=1.E-3 —%—
_ £=5.E-4 —8— / _
o = 4
g o015 [ FTLEA g
@ a
g i Z
=2 0.001 B 2
E} =)
e
0.0005 | /’//’/ B
o
ol v 0 L

0 010203040506070809

time step

OFFsm i.c.—

Poisson |
0.03 —
e=1.E2
0.025 | £=5-E3
e=1.E3
E=5.E4
002 1" ¢ 14
£=5.E-5
0.015 [ g
0.01 | -
0.005 /’ 4
Y
0 ki a I//I L 1 1 1 L 1
0 01020304 05060708 0.9
time step
0.006 S R B S
e=1.E2 ——
0.005 |- £=3-E3
e=1.E-3 —%—
e=5.E-4 —=—
0.004 - ST -
0.003 [ -
0.002 [ g
0.001 [ g
-
0 T/:l//l Il 1 1 1 L 1

0 010203040506 070809

time step
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The case E(t,r)

, final time = 3.5, using for particles

time step = 8750 ¢

e=10"%,
period 27e (at left) and the mean period (at right).

V()

. %
-

0.4 ETD scheme - x 0.4 ETD scheme
05 reference solution . 05 reference solution

.08 -06 -04 -02 0 02 04 06 08 08 -06 -04 -02 0 02 04 06 08
R(t) R(t)
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Vlasov-Poisson case

e =10"*, |time step = 8750¢ |, final time = 3.5, using for particles
period 27e (at left) and the mean period (at right).

0.8 0.8
0.6 0.6
*
0.4 0.4
0.2 0.2
s 0 s 0
0.2 0.2
0.4 0.4
0.6 3 0.6
n ot ETD scheme - ETD scheme -
08 ; reference solution 08 reference solution
06 -0.4 -0.2 0 0.2 0.4 0.6 06 -0.4 -0.2 0 0.2 0.4 0.6
R() R()
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Second model — 4D phase space

X'(t) = V(t), X(0) = xo
V(£) = SV (1) + ES(e X(1), V(0) = vo

where E® (x,t) = ( )2(X1++2i2 > or coupling with Poisson eq.
1 2

The exponential integrator in velocity :

t
o V(1) = etZ'LV(s)+et€;'L/ e = L ES(X(r),7)dT

o X(t):X(s)—i—/stV(T)dT.
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The algorithm (ETD-PIC scheme)

Find the integer NV and the real o s.t.

At=N-(2me) + o

2me is an approximation for the fast time for one grand tour.

Assumption :
ta+N(2me) _ th+27e
R(M)EE(X(T),T)({TZN' co.dT
th € tn

The ODEs solution (X,,V,) at time t, is given. Then

Q compute (X, V) at time t, + 27e by using a fine Runge-Kutta solver
with initial condition (X,,V,).
@ compute (X, V) at time t, + N - 27e by the following rule

(T ) = (5 ) (¥ ).

@ compute (X, V) at time t,1 by using a fine Runge-Kutta solver
with initial condition (X, V) obtained at the previous step.
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The linear case

a a
X5 (tixo, Vo) =Kj <cos(aE t) — = sin (agt)> + K3 (sin (act) + = cos (ac t))
B B

b b
+ Ks (cos(bgt) — Zsin (bgt)> + K, <sin (bet) + — cos (be t)) ,
€ €
X5 (tixo,vo) = — Ky ue cos (act) — Kj ucsin (act) — Kj ve cos (bet) — K, ve sin (bet),

ae . de .
Vy (tixo,Vo) = — Ky ac <— cos (act) + sin (aat)> + K; a. (cos(aat) — —sin (ac t))
e e

b b
— K3 b <? cos (bet) + sin (bet)> + K§ be (cos(bgt) - ? sin (bgt)> ,

V5 (t; %o, Vo) =Kj acue sin (act) — K; ac ue cos (act) + Kj beve sin (bet) — Kg beove cos (bet) ,

where a. ~V/3c and b.~1/e and (K7); depend on the i.c. (xo, Vo).
——— ———

slow motion fast motion

The slow manifold obtained when K5 (xo,vg) = 0 and K§(xo,vo) =0 =>
a two dimensional space in R*.
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Different initial particles

@ Tests with 3 initial conditions

2 3 )
(X(l),Vé) = (1,0,67 3 iu; + %) on the slow manifold

we ue 2-—¢g2 ue 2—¢g?

(xg,v{;’) =(1,1,1,1) far from the slow manifold

3
u, w, 2¢eu, w, e u, .
xava)=(1,——= = — 4 e— 4 € ) close to the slow manifold
05 Vo ) ) )
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Different initial particles

@ Tests with 3 initial conditions

2eu u .
(x(l,,vé) = (1,0,67 5= ;2 + ﬁ) on the slow manifold
( 5 2) 1,— 22 e 2etie +ele 4 € te close to the slow manifold
Xo, Vo) = — == = Ze W
05 V0 ) Ws’ Ue7 2—82 u. 2—82

(xg,v{;’) =(1,1,1,1) far from the slow manifold

@ Tests with a beam

2 2
o (x.v) +)

(1 cos k) x ) exp (—15

- 8m2v3,
with k; = 0.5, k=0, v =0.1, n=0.1, and

X (X) = X[o.4x] (x1) X[0,17 (x2) -
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Global errors at final time 10

An initial condition close to the slow manifold

0.0016 T T T T T T T T T T 4.5e-06 T T T T T T T T T T
e=1.E-2 —— £=5.E-4
0.0014 | e=5E-3 - 4e-06 - g=1F-4 —— 7
e=1.E-3 ——
0.0012 b i 3.5e-06 ~
3e-06 ~
0.001
2.5e-06 ~
0.0008
2e-06 ~
0.0006
1.5e-06 |- -
0.0004 106 | |
0.0002 e07 4
0 oL e e e pepep T |
0 0102032040506 0708059 111 0 010203040506 070805 1 1.1
time step time step
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Global errors at final time 10

T T T T T T T T T T T T
far from the slow manifold particle —f— 2.5e-05 - far from the slow manifold particle ——
0002 L close to the slow manifold particle i close to the slow manifold particle
an the slow manifald particle —%— an the slow manifald particle —#¥—
2005 B
0.0015 [ i
1.5¢-05 [ B
0.001 | 1
1e-05 B
0.0005 [ B se0s | i
0 L L L L 0 L L L
01 02 03 04 05 06 07 08 09 1 0 0.2 0.4 0.6 0.8 1
time step time step
T — T T T T T T
5e-06 | q 2007 | 1
42-06 B
15207 B
3e-06 B
1e-07 B
2006 B
5e-08 B
1e-06 . q .
Tar from the slow manifald particle —— far from the slow manifald particle ——
close to the slow manifald particle close to the slow manifald particle
ol on the slow manifold particle —¥— | OF | | pntheslow manifold particle —¥— o
0 01 02 03 04 05 06 07 08 09 1 11 01 02 03 04 05 06 07 08 08 1 11
time step time step
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The Vlasov-Poisson case

Landau damping : periodic boundary conditions on Q, = [0; 47| x [0; 1]

1 vZ 4 v2
fO(X,V):m(l‘FnCOS(k'X))eXp <—2Vt2h y

with k; = 0.5, k, =0, v4 =0.1, n =0.1.

3e-05 7.6e-07
7.4e-07
2.5e-05 7.2e-07
Te-07
2e-05 6.8e-07
6.6e-07
1.5e-05 — 6.4e-07
6.2e-07
le-05 ~ 6e-07

5.8e-07 |
5e-06 L L L L 1 L 5.6e-07

01 02 03 04 05 06 07 06 09 1 01 02 03 04 05 06 07 08 08 1
time step time step
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Conclusion

@ numerical scheme to solve highly oscillatory ODEs — need to know
the (numerical) fast period.

o allows big time steps with respect to this period.

Outlook
@ long time behaviour of the scheme

@ numerical comparisons with the two-scale limit model and the
guiding center model

@ Finite Larmor Radius test case
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Conclusion

@ numerical scheme to solve highly oscillatory ODEs — need to know
the (numerical) fast period.

o allows big time steps with respect to this period.

Outlook
@ long time behaviour of the scheme

@ numerical comparisons with the two-scale limit model and the
guiding center model

@ Finite Larmor Radius test case

THANK YOU !
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