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Introduction/Motivation 2

Obijective: Numerical study of highly anisotropic, multade problems
e Many pb. in nature exhibit multi-scale behaviours, which ba
rather different in character

e Typical: occurence of one or several small/large pararaeter
(Reynolds, Peclet, Mach nbr. etc)

e General, unified treatment is impossible

C. Negulescu, 15/10/2013



Multi-scale plasma dynamics

Plasma dynamics is characterized by multi-scale phenomena

— Strong magn. fields create anisotropie~
— Particles gyrate around the field lines

Hybrid models

Kinetic models /

B
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Gyro Motion Bounce Motion Drift Motion

Tpi Tci Ta

Tcs Teoo

Tpe,pi: INV. electr./ion plasma freq.
Tce,ci: Electr./ion cyclotron period

A p: Debye length
Pe,q: Electr./ion Larmor radius

de.i = ¢/Wpe, pi: Electr.fion skin depth

Tq - Alfen wave period
Tes- lon sound period

Te - Electr-ion collision time

Wpe,pi: Electr./ion plasma frequency
c: sound speed
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Multi-scale problems 4

A small-scale numerical simulation is out of reach

L1 requires mesh-sizes dependent on small scale paraml

1 excessive computational time and memory space are needed to
capture small scales

It IS not always of interest to resolve the details at the smal
scale. Multi-scale strategies are much more adequate!

[1 homogeneisation, domain decomposition, multi-grids,tradale
methods based on wavelets or finite elements, multi-scale
variational methods

Essential feature of these methods

L1 capture efficiently the large scale behavior of the solytaithout
resolving the small scale features

C. Negulescu, 15/10/2013



Asymptotic Preserving schemes 5

Difficulty: Resolution of multiscale pb. can be very difficult, if
the pb. becomes singular, as one of the parameter%®

[ (P?) sing. perturbed pb. with sof-

] the seq.f- converges towards), sol. of a limit pb.(P")

[ the limit pb. (PY) is different in type from the initial P¢)
[1 standard schemes would requixe, Az ~ ¢ for stability

Definition: A schemeP®" is AP iff it is convergent forh — 0
uniformely ing, i.e.

Pe,h - P€
™M ™M
l l
- -
Pé’h P"O
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Asymptotic Preserving schemes 6

AP-procedure:

] requires that the limit proble??) is identified and
well-posed

[J consists in trying to mimic at discrete level the asymptotic
behaviour of the sing. perturbed pb. sgl.

[ requires a sufficient degree of implicitness (not obvious)
Advantages:

[] gives accurate and stable results, with no restrictions on
the computational mesh

] enables to capture automatically the Limit moéh€| if
e — 0 (micro-macro transition)

[J no more coupling needed,dfx) is variable

C. Negulescu, 15/10/2013



Kinetic models and specific limit regimes 7

e Fundamental kinetic model: Vlasov/Boltzmann equation

q

8tf+v-fo+E(E+v X B)-Vyf=0Q(f)

Several small scales/parameters occur, leading to dgimes:
° Hydrodynamic SCaling:iIbet/Jin; Dimarco/Pareschi]

0f +v-Vaf = Q)

[J 0 < e < 1. mean free path (Knudsen nbr.)
[J Inthe limite — 0, one gets the compressible Euler eq.

[1 AP-scheme: Decomposition of the source term in stiff-

and non-stiff part Q) _ QU =P(f) | P()
3 = -

C. Negulescu, 15/10/2013



Kinetic models and specific limit regimes 8

e Drift-Diffusion SCaliﬂg[KIar; Lemou/Mieussens]

O + (0 Vol + V.0 V,f) + 5QUf) = G

[J 0 < e < 1. mean free path
] inthe limite — 0, one gets the Drift-Diffusion model
[J AP-scheme: Micro-Macro decomp.

Vlasov-Poisson quasi-neutral linfBelaouar;Crouseilles;Degond;Deluzet;Sonnendrublaamret;Vignal]

1
Of +00:f +0:20,f =0 or = —-Q(f)
N0, D =1— 0

[] 0< )< 1:rescaled Debye length) < € < 1: mean free path

L] AP-scheme: Reformulation of the Poisson equation

C. Negulescu, 15/10/2013



Kinetic models and specific limit regimes 9

e Vlasov-Maxwell quasi-neutral |im.[begond/Dequet/Dimarco/Doyen]

e High-field limit, strong magn. field@ostan, Frenod, Golse, Saint-Raymond]
1 1
0tf‘|_v|| 'vxf+E'vvf+;UL'vxf+g(v X B) - Vyf =0

[J 0 <e <« 1:cycl. period; 0 < 7 <« 1: Larmor radius

J inthe limite, 7 — 0, one gets the finite Larmor radius
approx. or the guiding-center approx.

[J asymptotical analysis:
e Study of the dominant operat@r := (v(p) X B) - V,
e Projection of the eq. oker 7= averaging along the
charact. flow associated 10

[J construction of AP-scheme mimics this asymp. analysis

C. Negulescu, 15/10/2013



Fluid models and specific limit regimes 10

e Euler-Poisson guasi-neutral linfctispel/begond/vignal]

[ On+V-(nu) =0

_/\G

O(nu)+V-(nu®u)+ Vpn) =nVao

\ “MNAD=1-—n

[J 0 < X\« 1: rescaled Debye length
e High-field limit, Euler-Lorentzsrul;begond;Deluzet;Mouton;Sangam;Vignal]

omn+V-(nu)=0
1 1
&g(nu)%—v-(nu@u)%—;Vp(n):;n(EJruxB)

[J 0 <7 < 1: rescaled gyro-period

C. Negulescu, 15/10/2013



Fluid models and specific limit regimes 11

e Low Mach-nbr. limit[Degond/Tang; Cordier/Degond/Kumbaro]

)
omnm+V-(nu)=20
\

1
\ O(nu)+V-(nu®u)+ 8—2Vp(n) =0

[1 0 < e« 1: rescaled Mach-nbr.
L1 inthe limite — 0, one gets the incompressible Euler eq.

[1 AP-scheme: Stiff term is decomposed as

1 — qe?

Vp(n
= VP(1)
e Highly anisotropic potential/temp. eeluzet/Lozinski/Mentrelli/Narski/Negulescul

V) (A V6) Vi (ALV16) = f

5 Vp(n) = aVp(n) +

1
o' T — EVH . (KHVHT) — V- (KLVLT) =0

C. Negulescu, 15/10/2013
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Anisotropic elliptic equation

Work based on:

[1] P. Degond, F. Deluzet, C. Negulescu "An asymptotic preegrscheme for strongly
anisotropic elliptic problems", SIAM-MMS.

(2] P. Degond, F. Deluzet, A. Lozinski, J. Narski, C. Neguledoudlity based
Asymptotic-Preserving Method for highly anisotropic ddgfon equations”, CMS.

[3] P. Degond, A. Lozinski, J. Narski, C. Negulescu "An Asymjatdtreserving method for
highly anisotropic elliptic equations based on a micro-roatecomposition”, JCP.
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Introduction/Motivation 13

Macroscopic nature of magnetically confined plasma dynamic
can be described via the one-fluid (MHD) model
e Continuity equation of plasma charge

atpc+div'jzoa

Pc -— 4Ty — €Tle J = qNyU; — ENele q = ez

e Quasi-neutrality [ — Zn;| < n.) implies
pe~0=V-j=0

e Ohm’s law

j=0c(E4+vxB), v= nGm@u@jLnimiui, E=-Vo
NeMe + MMy

C. Negulescu, 15/10/2013



Mathematical problem 14

Theme Numerical resolution of highly anisotropic elliptic eq.

—V - (AV¢)=f, on{
»=0 ondlp, 0,0=0 onf,,

whereQ c R?2 or Q) c R? ando) = 09 p U 99,
e Diffusion matrix A Is given by

(A o o ( s\ 10 [ 06\
A( 0 lAZ>’ Ox (AL(%) e 0z <A282>‘f’

3

e A, A, of same order of magnitude, bounded from below/above
e () < e 1verysmall

e anisotropy aligned with the-coordinate

C. Negulescu, 15/10/2013



The Singular Perturbation pb. (P-model) 15

o0\ 10 [, 06\
py | O (“m;)‘g@ (A@)—f’ on £,

Zgb—o on Q. x 0, o=0 on 90, x€,,
<
Letting formallys — 0, yields the reduced problem (R-model)
(A (%) 0, on €,
(R) aZ 0z
%:O on €, x 0f),, »=0 on 00, xQ,,
Z

— Ris an ill-posed problem !

— R exhibits an infinit amount of solutiong ).

C. Negulescu, 15/10/2013



The Limit problem (L-model) 16

e Numerical burden: Discretization matrix of P-model is very
ll-conditioned
— standard resolution meth. for lin. syst. no more efficienbfa« << 1

e However,¢. (sol. of P-model)-—._,¢ ¢y, sol. of

( —5 (Angb)f(x), on .,

=0 on 09Q,,

(L)

\

wheref(x) := Li fOLZ f(x, z)dz is the average along-coord.

L] Supposeb. — ¢g, Wherepg(x) dep. only onz
L] Integrate( P-) in z and pass to the limi — 0

L1 Averaging inz is the proj. on the kernel of dominant op.
C. Negulescu, 15/10/2013



Transition between(P-) and (L) pb. 17

Let us denote by:
L] || the direction of the anisotropy (hetedirection

L1 L the perpendicular direction (heredirection)
L1 the bilinear forms

aj(¢,v) = /QAHVqu-VH?,bd:cdz, a) (P, ) = /Q(ALVqu)-VLwd:cdz.
How to switch from sing. perturbed pb.: fird € V), sol. of
(Ps) a||(§b€aw)+€a_l_(¢€7¢) :g(faw)a V¢€V7

to Limit model: find¢® € G, sol. of
(L) ar(¢”,¢) =e(f,4), YYeg,

Goal: AP-scheme which switches automatically, with no hugh nuosts

C. Negulescu, 15/10/2013



Duality-Based decomposition 18

e Introduction of mathematical framework
Vi={p€ H(Q) / djaa, =0}, (&, ¢)y = V|6,V ¥)r2 +e(V1id, Vi)

e |dentification of Kernel of dominant operator

G:={oeV|V0p=0}, (&¢)g:=(VLd,ViY)r2,
A:={peVI|(p,9) =0, VpcGt={pecV|[ o 2)dz=0}

e Definition of the orthogonal projection on the Kernel

1
P:V — G suchthat P¢ := 7 / o(x,z)dz
z L.

o Definition of decompositiony = G &+ A
P°EV = ¢"=p°+q¢, pP=Peg, ¢c=(I-P)geA

C. Negulescu, 15/10/2013



The Asymptotic Preserving form. (AP-form.) 19

e Insertion of¢® = p° + ¢ in sing. perturbed pbo® € V

(Pe) (9%, %) +ear(¢°,9) =e(f, ), YYeV,

e Projection on the kernek- Asymp.-preserv. pb.(p®,¢°) € G x A

2

ay(p®,n) +ai(¢,n) = (f,n), Vn € g,
(AP)e <

L a||(q€7§) T 80,_]_((]6,5) T gai(peag) — €(f, 5)7 \V/S c A.

e In the limite — 0 one getd.imit ph.: (p”,¢") € G x A

’

ar(p’,n)+ai(¢",n) =(fin), Vneg
(L) 4

Cay(g”,€) =0, vEe A,

C. Negulescu, 15/10/2013



Summary of the AP-idea 20

rrrrrr . / —
rrrrrr (beev — (¢6’¢6)EAXg
P-model " _ AP-model (sol. of (P)) (sol. of (AP))
equi
— 0
e — 0 e —> 0 [¢6:¢;+¢_€}
(0,$0) € AXG
R-model L-model (sol. of (L)

Vi={(, ) e H(Q) /p=00n 0 x Q.} V=0Ga" A

G:={0eV|Vip=0}={o()e H(Q) / ¢ =0o0n 0}

A= {6 eV|(d) =0 , \weg}z{cbew/L oz, 2)dz = 0}

C. Negulescu, 15/10/2013



More general context (P-model) 21

Let b be a vector field: direction of the anisotropy (magnetic jield
Vqu:: (b-Vo)b, Vi ¢p:=Ud—-bxRbVe

—lVH . (A||V||u€) -V, - (ALVLu&“) = f N Q,
(P:) < —n|| (A||V||’LL€) +n, - (AL Viu®) =0 on I'y,

=0 on I'p.

e Introduction of mathematical framework

V= {u S Hl(Q) / Urp = 0}7 (uav)v = <V||U,V||U>L2 + (VJ_U7VJ_U)L2
e |dentification of Kernel of dominant operator

g::{u€V\VHu:O}, (’LL”U) (VLUV_]_’U)

C. Negulescu, 15/10/2013



Limit problem (L-model) 22

The solutionu® of pb. (P).
(P)e /QAHVHUE -V vdz —|—5/ (A V, iu®) - Vivde =¢e(f,v), YveEV,

Q

converges foe — 0 towardsu', sol. of

(L) /(AJ_VJ_UO)-VJ_vdx:/f’de, Yveqg.
Q Q

reform.
ue €V o (ue,qe) €V X L

reform.

P-model _ _  AP-model (sol. of (P)) (sol. of (AP))
equiv.
e — 0
e — 0 e — 0 Ue =— Pe + €qe

(up,q09) €EV X L
R-model L-model (sol. of (L)

AP-scheme which switches automatically betweégn) and(L).

C. Negulescu, 15/10/2013



Micro-Macro decomposition 23

e Definition of Duality-Basecdecompositiony = G & A

"€V = " =p +q, pP=Pp-ecG, ¢ c=1—-P)p-cA

g::{ngV’VHgb:O}, —{ngV’fL ¢(x,z)dz =0}

e Definition of the orthogonal projection on the Kernel
1
P:V — G suchthat Po := L_/ o(x,z)dz
z JL,

e New Micro-Macrodecomposition (based diiilbert-Ansatzidea)
uE — pE _I_ gqé‘
WIEIE V=0, Vi =eVie. g, =0

C. Negulescu, 15/10/2013



Asymptotic-Preserving schemes (AP-schemes) 24

Highly anisotropic elliptic problem :

A
(Pg) /ALVJ_U‘S-VJ_’UdZC—i—/?HVH’LLE-VHUCZQZ:/fvdx, YveVy
Q Q Q

Micro-Macro decomposition: u* =p°*+eq¢°, V=G& L

L:={qge L*Q)/ V) q € L*() andg|r,, = 0}.

y

/ALVLus-VLvdx—I—/A||V||q€-v||vdx:/fvdw, Vv ey

/A||V||u€-V||’wd£C—/€A||V||q€-V||wd£C:0, Yw € L
Q Q

[] Reformulation of( P;) in a saddle-point problerpA Py )
[] qV is (in the limit) a sort of Lagrange multiplier for the corEH'tItVHuO =0

[ ] AP-formulation convergesniformely ine towards the Limit-model (L)

C. Negulescu, 15/10/2013



Numerical results 25

e Exact solutionu?, Num. sol. (AP)u5, Num. sol. (P)u,, Num.
sol. (L) uf,
2

3

c = sin (7my + a(y

U — y) cos(mx)) + € cos (2mz) sin (7y)

le+20

le+18 | (DB) 7
le+16 |
le+l4 |
le+12 |

1le+10 |

1le+08

le+06

10000

100 ' ' ' ' ' '
1le-30 le-25 le-20 le-15 le-10 1le-05 1

— Cond. of the discretization matrix of pb. (P) degenerates if
e — 0, whereas it remains-independent for the AP-scheme

C. Negulescu, 15/10/2013



Numerical results 20

10 T T T T 100

(P) (P)
L ......... L .........
1 (AP) —eo— 10 (AP) —o—
01}
o l 3 R
0.01 f ] fa
fa 01} 1
0.001 F 1 £
.
0.01 F 1
0.0001 F ] ;
0.001 } 1
le-05 f 3 Fe
1e-06 } / 0.0001 F ]
A
le07 b : ; 1e-05 ; ; ; ;
le-15 1le-10 1e-05 1 le-15 1le-10 1e-05 1

[J The AP-scheme is unif. precisednof order3 in the
L?-norm and of orde in the H'-norm (Q2-FE)

[1 This AP-scheme does not require to adapt the grid with
respect to the field

(1 The AP-formulation can treat variable anisotropies

C. Negulescu, 15/10/2013
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Anisotropic parabolic equation

Work based on:

[1] A. Mentrelli, C. Negulescu "Asymptotic-Preserving schefimrehighly anisotropic non-linear
diffusion equations”, Journal of Comp. Phys.

[2] A. Lozinski, J. Narski, C. Negulescu "Highly anisotropioteerature balance equation and its
asymptotic-preserving resolution”, submitted to M2AN.

C. Negulescu, 15/10/2013
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Introduction/Motivation 28

e Two-fluid description of plasma dynamics

Oneg + V - (nauoz) = Sna
MaNa [Otia + (Ua - Vo] = ngeo(E +uq X B) =V - Py + Ry,

\ %nakB [&tTa + (Uoz ' V)Ta] = =V qa — Po: Vg + Qa,

e Fourier law:q, := —r, VT,
e Anisotropy due to the magn. field:, || ~ T§/2, Ko, 1 INdep. only,

Theme: Efficient numerical resolution of temperature eignat
| - - -
T — =V - (K T°*V) T) =V - (K V. T) =0,

. 1
1Moo BRARS

whereT := < 1 — Anisotropic, degenerate

[©.@)

nonlinear parabolic equation

C. Negulescu, 15/10/2013



The 2D temperature balance equation 29

p

T — =V - (K T2V T) =V, - (K,.V.T)=0, in [0,5]xQ,

(Pe) <
VJ_T(t,‘):O, on [O,S]XFH, O<exl

T(0,)) = To(-), in Q. / /

\ / 7
dis
v = (v-b)b, v, = (Id—b®b)v, //// //
Vijg:=(b-Ve)b, Vig:={Id—b®bVe, // e /
VH-’UZZV-UH, VJ_"UZZV"UJ_. ) //
/|

/

[y :={x el /b(z) n(z) =0},

') =TinUlout :={x €l /blx) n(x) <0tU{z el /blx) n(x)>0}.

C. Negulescu, 15/10/2013



Numerical difficulties 30

e Putting formallye = 0 in (P:), yields

’

—VH : (K||T5/2V||T) =0, in [O,S] x €,

n - (K T2 (t, )V T(t,-)) =0, on [0,8]xTI,
V_LT(t, ) = O, on [O, S] X FH ,

T(0,:) =T°), in Q.

(R) <

\
— (R) is an ill-posed pb., admitting infinitly many solutions!
— (P:) is a so-called singularly perturbed problem

Aim: Development of an asymp.-preserv. scheme for the resoP.of, which is

L] accurate independent @n
[] capable to capture the limit modehy ), fore — 0

[ ] functional on cartesian grids, which have not to be adajut¢hle field lines

C. Negulescu, 15/10/2013



Mathematical results (Weak solution) 31

e More general formulation 4, A, satisfy pos., boundedness + coercivity cond.)

( 8tu—V||(A|||u|m_1V||u)—VJ_(AJ_VJ_U):O, in [O,S]XQ,
AH\u\m_lnH-V||u—|—ALnL-VLu:—7u, on [0,S]xTI,,

Viu=0, on [O,S]XFH,

[ w(0,) =u(), in Q,

e Weak solution: Letu® € L= (Q), Q1 := (0,T) x Q, V := H'(Q), D = L?(0,T;V)

W :={u € L*°(Qx), suchthavT > 0
Viuwe L*(Qr), |u™ 'V)ueL*(Qr), Owme L*(0,T;V*)} .

u € W is called a weak solution dfP,,,), if «(0,-) =v®andif VT > 0:
T T
/ <8tU(t,-),¢(t,-)>V*’v dt-l—/o /QA|||u|m_1V||UV||¢dZBdt
0

T T
—I—/ /ALVJ_’UJ'V_LdeZBdt‘l"Y/ / updodt =0, V¢ €D
0o Jo o Jr,

C. Negulescu, 15/10/2013



Mathematical results (Ex./Unique/Pos.) 32

o TheoremiLetm > 1,u" € L>*(Q)and0 < 8 < u’ < M < coon)

— 3! weak solutioru € W of (P,,), satisfyingce ' <« < M a.e.
oNn (), With a suff. smalk > 0 and a suff. largex’ > 0.

e Proof:

[ 1 Regularization + fixed point argument:
ao (1) = [ov + min(|u|, M) for fixed0 < o < 1
= Jlu, € WH0,S; HY(Q), L*(Q))

L1 A priori estimatesindep. onaw
[l Passage to the limity — 0 = existence oft € W

L1 Positivity and uniqgueness (Comparision principle + Carngton
of a weak sub-solution)

C. Negulescu, 15/10/2013



2

Semi-discretization in space 33

e Singularly perturbed problem: Firlf(¢,-) € V := H'(Q)
(T (t,-), vyvey + 1 Jo KTV T(t,-) - Vv d
+ [ K1V T(t,)- Vﬂ)daﬂ—’yfl1 T(t,-)vdo =0, Yve)

e Asymp.-Preserv. reform.:. Find'(¢,-),q(t,)) € V x L

( <3tT,v>v*’V—|—/(KLVLT)-VLvd:C—F/ K||V||q-v||vd:€—|-7/ Tvdo =0,
Q2 Q r

N

(AP) < Yv eV

/K||T5/2V||T-V||wdw—/€K||V||q-V||wd:€:0, Yw e L.
. Q2 Q2

Idea: Introduction of auxiliary variable- € £, such that VHq8 = %TE/QVHTS

L:={q € L*(Q)/Vq € L*(Q)andqg|r,, = 0}.

C. Negulescu, 15/10/2013



Limit problem 34

e Putting formallye = 0in (AP), yields

( (0T, v)v*,v—|—/(KJ_VJ_T)-VJ_vdx—|—/ K“V”q-V”vdac—i—fy/ Tvds =0,
Q Q Iy

(L) A Vv € V
/ K”TE)/QV”T-V”?UCZIB:O, Yw € L
. Q

e Limit-pb. is a well-posed saddle point problem

[1 ¢ acts as a Lagrangian for the constrédiift, -) € G
G:={pcV/Vp=0inQ}

1 thisq provides the uniqueness of the solution
Indeed, the sequend@é (¢, -) tends in the limit — 0 towards the sol. of

(L) <atT(t7 ')7 U>V*,V + / K_LV_LT(ta ) -Vivdx + 7/ T(ta ')U do =0, Vve g
Q r

4

C. Negulescu, 15/10/2013



Semi-discretization in time (Euler implicit) 35

f

<atT,’U>V*7V—|—/<KJ_VJ_T)‘VJ_’UdQ?+/ KHVHQVHUdCB—I—’y/ Tvdo =0,
Q Q Ty

(AP) < Yv eV

/K||T5/2V||T-V||wd$—/EKHVHC]-Vdex:O, Yw e L.
Q Q

(©,%) = [oOxdzx, a,,(¥,0,x):= [, anﬁ/?vn@ Vixdz,
CLH(@ X fQKHvH@ VHXd:C CLL(@ X fQK_]_v_]_@ VJ_XdiC

Find (T, ¢/ *) € Vi, x L, C V x L, solution of:

)
(T;?Jrl,vh) +7 (CLL(qufﬂavh) + aII(QZJrl’Uh) + ’YfFJ_ Tl?th ds) = (T vn)

(Eap) Vup € Vp
CL”nl(Tn,T;LL—i_l,wh) — €a||(q2+1,wh) =0, VYwp€Ly.

\

C. Negulescu, 15/10/2013



Semi-discretization in time 36

e Implicit Euler time-discretization:
L] first order scheme in time AP-scheme
e Crank-Nicolson time-discretization:

] secondorder scheme in time
[ ] A-stable, but not L-stable> not AP!

[] restrictive time-step\t ~ W

e Diagonally implicit Runge-Kutta (DIRK) time-discretizanh:

[ ] secondorder scheme in time
[ ] A-stable and L-stable
[1 2 syst. to be solved:> 2 times slower than CN, butP !

C. Negulescu, 15/10/2013



Numerical results 37

» Magnetic field: b= &, B ( o2y — 1) cos(mz) + 7 )

ma(y? — y) sin(wx)
e |nitial condition: (a) Constr. of analytic solution

(b) Gaussian peak:

T<t =0, z, y) — TTm (1 + 6—50(96—0.5)2_50@_0.5)2) |

e Cartesian grids, finite element methdgh(FEM)
L?-errors between the exact and num. sol. as a functian of

10 : . . : 10 . . : :

(P) —— 4 (P) —+—
(E-MM) —s— (E-MM) —s—
(RK-MM) —s— 1 T (RK-MM) —s— 1

1t
01 ¢ 01

0.01 001

0.001 1 ] 0.001 |

0.0001 | ] 0.0001 }

1e-05 | ] 1e05 |

16-06 | ] 1606 | A

1e-07 : - - : 1e-07 - - : -
1e-15 1e-10 1e-05 1 1e-15 1e-10 1e-05 1
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Numerical results
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Closed magnetic field lines 39

e Magn. field lines:can be closed in real tokamak plasma simulations

= Difficulties in using previous AP-scheme, due to determamadf

auxiliary var.q. such thatv q. = %TfﬂVHT6

L:={qgeL*)/ Vg € L*(Q) andg|r, = 0}.
e Example of magn. field lines:

B =Vx((x,y)e,)+B(z,y)e,, Y(x,y)= cos(x)+ Acos(y—wt)

C. Negulescu, 15/10/2013
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Asymptotic Preserving method 40

e ldea:Introduction of astabilization term

p

<8tTh,’Uh>+/(KJ_V_LTh)'VJ_’Uhd$+/ K”qh-V”’UhdZC—I—’y/ Thvp ds = 0,
Q Q r,

< Yv, € Vp,

/K”T ViTh - whdx—aS/K”qhwhda::O

p

<8tTh,’Uh>+/S‘2(KJ_V_LTh)°VJ_’Uh dw"‘/;zKHVHQh'VH'Uh dx—l—’y/ Thvp ds = 0,
1

. Yup, € Vy,

/K”T v||Th VHwhdqj—s/K||V||qh-V||whda;:h3/qhwhdgc,
Q

e Advantages:

L1 permits to determine uniquety,, without imposing Dirichlet B.C.
on the inflow boundary;,,

L1 permits to treat closed field lines

C. Negulescu, 15/10/2013
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I900
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e Singularly perturbed problems:

[J contain small parameters, that lead to various asymptotic
regimes

[ classical schemes become too expensive, and even
“unusable” in the limit regime

e Asymptotic-Preserving methodology:

] offers simple, robust and efficient num. meth. for large
class of singularly perturbed pb.

[] preserves at discrete level the limit asymptotics

[] solves the microscale, and automatically switches to a
macroscopic solver for the limit pb.

C. Negulescu, 15/10/2013
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