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Outline

= Physical motivation: sources of intrinsic rotation in tokamak

= Eulerian variational principle for
the full-f and of GK Vlasov-Poisson system

= Noether method in fields theory:

s  Canonical toroidal momentum conservation law derivation
for the full-f and of GK Vlasov-Poisson system

= Physical interpretation:

= From conservation law for canonical quantity towards
momentum transport equation for physical quantity
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e niversityetfirk \Why consider conservation laws

for Vlasov-Poisson system?

= Gyrokinetic Vlasov-Poisson system:

= Consistent description of low-frequency electrostatic
micro-turbulence in a tokamak plasma

= Turbulence &= Violent transfer of energy and
momentum; growth of instabilities

m Conservation laws:

s Energy: consistency of dynamical reduction at higher
orders, verification accuracy of numerical simulations

s Momentum: transport phenomena

$

Intrinsic rotation & plasma stabilization
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THE UNIVERSITYW

= Momentum transport in tokamak
= Importance of plasma rotation: — Plasma
m Transition to High confinement H-mode stabilization &
= Internal transport barrier formation confinement
improvement

= Sources of plasma rotation: —
= External torque by neutral beam injection heating_system

= Limitations in future reactor-grade devices Small external
: : " — momentum
m Large machine scale, High plasma densities input

= Intrinsic rotation (in H-mode): experimental evidence:
JET, Alcator C-Mod and Tore Supra [Rice 2008]

= Main challenges:

= Accurately calculate momentum transport equation for reduced
models implemented in numerical simulations

= To understand origins of intrinsic rotation
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THE UNIVERSITYW

Toroidal angular momentum

=Toroidal angular
momentum: key property for
investigation of rotation sources
identification

sDue to the symmetry of device
toroidal rotation is sustained in
tokamaks

- AR L 191y = (15,

Sp

sGoal: consistently with reduction procedure identify
and analyse sources and fluxes
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S VIasov momentum approach

sStandard approach: momentum transport derived from the GK Vlasov equation
sAnalysis of Reynolds stress tensor to identify intrinsic rotation sources

=Non diffusive part

O (v > =Residual stress vs
(Vp Vg) = X0 2T V(vg) I, 4 |—>  |Polarization drift
/‘ or T [McDevitt PRL 2008]
T _ _ = %* contributions
sDiffusive term =Pinch term is «What is its structure?
Proportional to toroidal Proportional to toroidal
velocity gradient velocity

[Peeters PRL2007]

This work: Establish a unified theoretical framework from
variational principle for GK Vlasov-Poisson system

sMomentum conservation law ¢ momentum transport equation
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THE UNIVERSITY 0F 7k Conservation laws from the

& variational principles

=Variational principles implementation

mLagrangian variational principle [Scott & Smirnov 2010]

sDetermination of conserved quantity via Noether’s method
(particle’s level)

=GK VIlasov momentum calculation for writing
canonical angular momentum density conservation law

n Eulerian variational principle (this work) [Brizard & Tronko2011]

= [reats particle’s via Vlasov distribution as
one of the dynamical fields

sAllows consistent truncation of Lagrangian and corresponding
conservation laws derivation
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e Universitvoffrk - TWO-Step Gyrokinetic reduction:

o
%/

Charged particle in strong magnetic field: multi-scale motion

Electromagnetic

2%2%2{&?2%’ of field fluctuations
[Littlejohn
vV, InBl<1 _ e¢
pL|VilnB| < ¢s = (kLpm) — 1979,1981]
=GK ordering ER " €§ N [Brizard 1989]

Main goal: systematic elimination of fast scale of motion from dynamical
description via near-identity phase space transformations

Modern GK theory: uses language of differential geometry
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e Universitvoffrk - TWO-Step Gyrokinetic reduction:

particle’s space

=Non-canonical (local) phase space coordinates: 2 = (X, py, 1. C)
more adapted for dynamical reduction
sGenerated by the phase-space vector fields (X,p) =Non-canonical
P ¢ reduced phase
G, = (67,61 6. G5) space
2 .
! aGe = P1  aMagnetic
2 =120 = 20+ eGY + €2 (GS—FiG? —é) +... 2mB moment =
0z (slow) variable

¢ =Gyroangle =
Ignorable (fast)
variable

Final goal:

at each order

of coordinate ;=0
transformation

sDynamics in new coordinates: reduction effects
= May be included into Hamiltonian or Symplectic structure

dynamical reduction
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THE UNIVE%ITYW Induction of the GK reduction on

& dvynamics

/ ng:FoTe_lzTEylF
wPush-forward

smConnection with
generating fields

T =14 £,

sScalar invariance  1(z)) = F,,(2) £ =G, -dI' +d(ig, T
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THE UNIVERSITY 0 Jrk Gyrocenter Lagrangian

o .
& mechanics

mGyrocenter phase space Lagrangian (1-form) in Hamiltonian
representation

€ ~ mec
Agy =T T — T, H = (EA +pyb) -dX + —pd¢ | — Hyydt

C

=Particle’s variational =Gyrocenter Euler-Lagrange

principle equations
0=25 / Ay, ‘

cdgyX dgyD||

-— xB*-——=——b=VH

e dl dt VHgy
b . dgyX _ O0Hgy _ P

dt 8p,| m
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THE UNIVERSITYW

= Gyrocenter Hamiltonian

sHamiltonian representation of reduction procedure:
suses the guiding-center Poisson bracket
skeeps all gyrocenter contributions in the Hamiltonian

=Guiding-center Hamiltonian Hye =T, Hy = pB + 27'7‘1

sGyrocenter Hamiltonian Hyy =T} (Hye + eestige) = pB + —- P Lt eesigy

gy

E-Guiding-center electric potential ~ d1gc = Ty &1 = 61(X + pye. t) = Grge + (P1ge)

= GK electric potential €5 ¢14y = €5 (Tgy $1) = €501 (X + pe,t) =
i 2

= 5 (10— L ({81 Bredye) + o = € (T b100)
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THE UNIVERSITY 0 frk Guiding-center & Gyrocenter

%fj Polarization

sDynamical reduction:

=Fields and particles are not evaluated at the same
position

mGyrocenter position:

X=TTox] = x—po—epr—pat-- =

X—(\Poo+€BP01+---)+€5(P10+€BPH+---)
J

|
Pyc
\ ! |

'pe nGyrocenter displacement

nGyrokinetic delta-function: brings fields and particles at the same position

5¢19y (X)

o () e (T, [0*(X+ pge —x)]) =€ (T, 0,0) = (0 (X+ pc —x))
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s s 4
=GK Vlasov-Poisson Agy = — f d°Z Fyy (2) Hyy(Z, brgy) it / ‘i—f (€|E1|? — |Bo|?)
action: coupling of reduced | o
particle dynamics with - =gy:Gyrocenter dynamics:!  [Brizard 2000]
electromagnetic fields . polarization effects ‘

d*Z = ¢HdE dt dX dp) dp d'z=c tdtdX
sExtended 8D phase space
=Hamiltonian dynamics on extended phase space {£,t}=1

satisfies physical constraint -0 - H=¢

_______________________________________________________________________________________________________________________

________________________________

=Extended dynamical sHamitlonian gy = Hgy — €
fields aVlasov
distribution Foy =c0(E — Hyy) F (X, pj|s 15 t)
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THE UNIVERSITYW

Full GK variational principle

=First principle of dynamics 0=0A,, = / d*z 6L,

2
sLagrangian density variation 6Lgy = j—fr SE; - Eq — / d*p (6F Hgy + F 6H )

sEulerian fields variations

1.Electric field 2.Extended Vlasov distribution
SE; = —Vi¢, 0F = {08, F}

extgc

3.Extended Hamiltonian
sFunctional derivative:

key property for oM 4, (X) 5 gy (X)
polarization effects Moy =001 = = O o0~ © (8% (X 4 pe —x))
identification
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THE UNIVERSITYW

Lagrangian variation

=Mixed variations: 0Lgy = 0%+ (VLyy —V'Lyy)

V' Explicit grad with
restriction on holding
constant dynamical fields

Contributions of B = B,
non-dynamical fields r - +cm

5Ly = —e500 {i—iV%ﬁl—l—e f (T:163) Fd°z
sLagrangian 85 R et
density variation | oA, |
+ 5 TV Ty
nGyrokinetic Ay = f S Fd'p
Noether densities r, = / dg#X 5 F d'p 1 e 6¢14Z¢1
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THE UNIVERSITYW

S GK Vlasov-Poisson equations

=GK Vlasov equation

0 = {F7H}ea§tgc = E + {F7 Hgy}gc
OF dg,X dgyp) OF
= - VF
ot T at VT T ap

=GK Poisson equation: dynamics and quasineutrality condition

&V -Ei = —dme /d3p F 5?% = —4rme / EpF <T;y15§’c>
= 47 (pgy — V - Pgy)
=sGyrocenter charge =Gyrocenter polarization
ngEZG/FdSP ngEZe[F(pgy>d3p—V-Q
sp sp
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e Universityo£/ok - Eulerian Variational principle for
0f-GK Vlasov-Poisson system

= Truncated Vlasov-Poisson action:
direct coupling of reduced particle dynamics with electromagnetic fields

2

d*Z = c~'dE dt dX dpydp
077 = ¢! dt dX dp) dp d'z = c 'dtdX

2
- . p
=Vlasov

distribution Fi) =cé (5 - Hg(i,)) (Fo + esF1)
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THE UNIVERSITYW

S of GK Vlasov-Poisson equation

= [runcated of Vlasov equation

dchl
dt

= — {Fo, e <¢1QC>}gc — €5 {Fla € <gb19‘c>}gc

= [runcated of Poisson equation

&V By — —dr / e ((Fo+ esF1) (85.) — s Fo ({81,65.))) @*p e
= 47w (0—V-P)

sSeparation of guiding-center and
gyrocenter contributions into the 0=V Py+es V-P1 gy
quasineutrality condition
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THE UNIVERSITYW

Noether’'s method in field theory

sContinuous mConservation laws

Lagrangian sTime “= Energy u[Brizard 2010]

symmetries sSpace *= Momentum u[Brizard &Tronko 2011]
- Of version in preparation

oA
0Ly = 8§y +V.Ty,,

=Virtual translations in space

0S = pgy-0x
01 = —0x-V¢
0Lgy = —0x-(VLgy —V'Lyy)
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tae Universityoffor. GK canonical angular-momentum

conservation law

sAxisymmetric tokamak geometry: TR
Use symmetry of magnetic field: 55‘35@5""
sConservation law for canonical toroidal
angular-momentum
o ox o
i pgyw:%'pgy—__@bijllbw
e
- op, VR_ """" F BHdS =Density P,=>" / F pgye d®p
| ot v O P
sFlux R, = / P By it

sNext step: Separating polarization and kinetic contributions
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THE UNIVERSITY of Y7k Main steps towards transport
* equation

L Aucsutaces (| )~ ani
 averaging:

'w 2. Physical constraints:
' quasineutrality
charge conservation Do+ V- J =

=Can we include sources terms as flux contributions?

sWhat is the physical meaning of the transported quantity?
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THE UNIVERSITY 0 Jork Full-f polarization effects:

source terms

mSource term: polarization effects, multipole decomposition

OHgy _ Op1gy _ % . %
899 = €€ aCP = €¢€5 (8(/9 + <pe> vV a(p
1 %,
L ‘i’if_’f_?______V__Y_aif,;_i _______ ) _________
sLeibnitz rule 01 _ 1 1
= Quasineutrality OH Bl
/F 8;3; dSP = 65% (0gy =V - Pgy) — 0
Key property to Op1 Op1
eliminate source Ve (657)9'”% € Qg V%)
terms
sFluxes only
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THE UNIVERSITY 0f 7k O-f polarization effects:

source terms

«First order gyrocenter Hamiltonian " Only partial compensation |

of source terms from the
| quasineutrality condition

'sMultipole decomposition (guiding-center

displacements) L 0=V Pee=—6V Py |
OHY,) D¢ dpy B
i =eces | 90 +  (pge) V&’O
1 o |
.................................................... Wbyl 1YV )] =Source terms of
higher orders
aH(l) a¢1 """"""""""""" [mmTmmmmmmmmmemmsm e ]
f P gp @ = cogle V- Pu) | ™| -6V Py
0¢ d¢
+ V- (6573968—; +e5 Qe v%>
mConsistency: possibility to avoid Op1 ] d [ mc? 2
. Plgy'va_ - 8_ ﬁ’VL%‘
source terms at the first order @ P
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THE UNIVERSITYW

= Polarization: direct definition

ngEZ€/F<Pe>d3P—V'Q Pe = Pgc T €5P1gy T - --
sp

=sDirect (formal) definition:
from the near-identity phase space transformation

Pe = Te_lx—X

1
= —eGX ¢ (G§—§G1-dG’f)+...

=The first order displacement
containing guiding-center and gyrcenter contriutions

<P£1)> = €B <P90> T €5 (plgy>

2
i o o) e
— _mQQ (MVB -+ %b . Vb) — EVJ_ <¢lgc>
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THE UNIVERSITYW

Polarization: physical definition

mPhysical (dynamical) definition (1) _ < p(1)> _ E o dg}X
[Pfirsch 1984 & Kaufman 1986] ‘ ‘ 0

Drift motion
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e UniversiTvoffk - Recovering the toroidal angular

Ry
4 momentum

mPolarization density from b
physical definition P=) mpx

=Direct geometrical projection ve=Bx X

4 N

. X dx
szp-vaZ%bx F‘Z)@-dggt d?’p]—Z(/ Fp|d3p) bo|—= VY (V- Q)

L(1) — 2 gy ‘70
\ o m R 7
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THE UNIVERSITYW Ph
o

ysical Interpretation: transport
equation

‘w 1. Flux surfaces ]
- averaging:

'» 2. Physical constraints:

3.Full gyrocenter polarization
displacement : necessary for recovery oﬂ
physical meaning of transported quant/ty

_________ charge conservation e+ V-T1=0 | e "
_B_CQVJ_ <¢1gc> E
d 1 1 0 R 001 | ~w 9P =
— - (0 - P , Y Y i 3 _
o ([[P(p]} += [P ]])+ 50 (V [Bl]] +e HP o, TQUV “) _
=Transferred physical quantity: | =Reynolds . sResidual stress tensor:
contains radial polarization t?bnsor | field-particle momentum
=No gc contributions Ry, ~ vy vy exchange;
l a[Scott&Smirnov2010] | - i wTurbulent, electric-shear
() ~ standard | contributions '
L) — Rad@gf@ -~ contributions -[McDeV|tt2009]
t ..............................
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Conclusions

m Main outcomes of variational formulation :

Exactly-conserved quantities (axisymmetric magnetic geometry)
even for gk reduced system (df case included)

Possibility to recover a posteriori the variational results from GK
Vlasov moments equation

No need to use closure for fluid equations

Recovery of physical meaning of transported quantity only if all
polarization corrections are consistently taken into account
consistently with &f truncation

Access to the residual stress structure: inertial source of toroidal
momentum transport, field-particle interactions

Perspectives:
m considering electromagnetic turbulence case
m further numerical implementation/ comparison with experiment
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