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Outline

1 Introduction and motivations.
• The paraxial WKB method (beam tracing).
• The wave kinetic equation (WKE).
• Examples.

2 Beam tracing in phase space without scattering.
• Exact solution of the WKE.
• Paraxial expansion of the exact solution.
• Reconstruction of the beam.

3 Beam tracing in phase space with diffusive scattering.
• Paraxial ansatz for the WKE.
• Full derivation of phase-space beam-tracing equation with diffusive scattering.
• Examples.

4 Outlook.
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Introduction: the paraxial WKB method

• The wave equation: time-harmonic electric field with frequency ω > 0,

∇×
(
∇× Eκ

)
− κ2Opκ(εκ)Eκ = 0, κ =

ωL

c
≫ 1,

εκ(x,N) = ε0(x,N) + i
κ
ε1(x,N) +O(κ−2), N = ck/ω,

where Opκ(εκ) is the integral operator associated to dielectric tensor εκ.
• The paraxial WKB (pWKB) solution1 (simplified for Gaussian beams)

Eκ(x) = aκ(x)eiκψ(x)−κφ(x), φ(x) ≥ 0,

φ(x) = 0 on a curve x = x0(τ),

x = x0(τ) + yαeα(τ),

ψ(x) ≈ ψ0 +N0
αy

α + 1
2
sαβy

αyβ ,

φ(x) ≈ 1
2
ϕαβy

αyβ , ϕ > 0.

1Pereverzev, Nucl. Fusion 32 (1992); Rev. Plasma Phys. (1996); Phys. Plasmas 5 (1998).
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Introduction: the paraxial WKB method cont.

• Reformulation in Cartesian coordinates:

N0
α(τ) = eα(τ) ·N0(τ),

Ψ(τ) =
(
sαβ(τ) + iϕαβ(τ

)
∇yα

(
x0(τ)

)
⊗∇yβ

(
x0(τ)

)
• Beam tracing equations in the pWKB: (with (Hxx)ij = ∂2H/∂xi∂xj etc...)

dx0
dτ

= ∇NH(x0, N
0),

dN0

dτ
= −∇xH(x0, N

0), z0 = (x0, N
0),

−dΨ
dτ

= Hxx(z0) + ΨHNx(z0) +HxN (z0)Ψ + ΨHNN (z0)Ψ,

H(z0) = 0, Φ∇NH(z0) = 0, S∇NH(z0) +∇xH(z0) = 0.

where H is the geometrical optics Hamiltonian of the considered mode.
• One can prove that the constraints restrict the initial conditions only.
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Introduction: the wave kinetic equation

• Fluctuations are represented by a time-independent random field µ 2

∇×
(
∇× Eκ

)
− κ2Opκ(εκ)Eκ = 0, κ = ωL

c
≫ 1,

εκ(x,N) = ε0(x,N) + 1√
κ
εF (x)µ(x) +

i
κ
ε1(x,N) +O(κ−3/2).

• Assumptions on the random perturbation:
• Scaled3 by 1/

√
κ and κ ≫ 1.

• Spatially non-dispersive (valid away from the resonance).
• Statistically averaged quantities vs samples.

2McDonald, Phys. Rev. A 43 (1991).
3Ryzhik, Papanicolaou and Keller, Wave Motion 24 (1996).
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Introduction: the wave kinetic equation cont.

• Quantity of interests: the two-point field correlation

ρκE(x, x
′) := E

(
Eκ(x)Eκ(x′)∗

)
= (

κ

2π
)d

∫
eiκ(x−x

′)·NWκ( 1
2
(x+ x′), N)dN.

• In the semi-classical limit κ→ +∞, the Wigner matrix Wκ is (formally)

Wκ =
∑

j
wκj eje

∗
j +O(1/κ),

where ej are the standard geometrical optics polarization unit vectors.
• The Wigner function wκj solves the wave kinetic equation (WKE) for beams

Hjw
κ
j = 0︸ ︷︷ ︸

dispersion relation

,
{
Hj , w

κ
j

}︸ ︷︷ ︸
propagation

= −2γjw
κ
j︸ ︷︷ ︸

absorp.

+
∑

l
Sκjl(w

κ
l , w

κ
j ),︸ ︷︷ ︸

scattering from fluct.

where {f, g} = ∇Nf · ∇xg −∇xf · ∇Ng is the canonical Poisson bracket.
This form of the WKE is implemented in the WKBeam code4.

4Weber et al., EPJ Web of Conferences 87 (2015).
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Introduction: main idea of this work

• Contours of the Wigner function from WKBeam for a focused beam in 2D.

(Four coordinates (x, z,Nx, Nz), but Nx = −
√
1−N2

z in free space.)
• The Wigner function is concentrated around a straight line.
• We try to exploit the localization of the Wigner function using the same

ideas of pWKB method.
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Phase-space beam tracing w/o fluct.: exact solution

• Fixing the mode (and dropping the mode index j), the WKE reads

Hwκ = 0, {H,wκ} = −2γwκ.

• If ∇H ̸= 0 and with suitable boundary conditions, there are canonical
coordinates z = (x,N) = zc(τ, h, ζ),

τ = τ(z), h = H(z), ζµ = ζµ(z), µ = 1, . . . 2d− 2.

Particularly, {τ,H} = 1, {H,H} = 0, and {H, ζµ} = 0.
• In the new coordinates

hwκ = 0, ∂τw
κ = −2γwκ,

and we have the analytical solution

wκ(z) =
2π

κ
δ(h)wκ∗ (ζ) exp

[
− 2

∫ τ

0

γH(τ ′, ζ)dτ ′
]
,

where wκ∗ is determined by boundary conditions and γH(τ, ζ) = γ|H=0.
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Phase-space beam tracing w/o fluct.: reference curve

• For Gaussian beams, we choose the boundary condition

wκ∗ (ζ) =Wκ
0 exp

[
−κgµνζµζν

]
, g = (gµν) symmetric, positive-definite.

• Then, as κ→ +∞, the solution wκ is concentrated on the curve

O = {H(z) = 0} ∩ {ζ(z) = 0} = {z = z0(τ)},

and since {H,H} = 0, {H, ζµ} = 0,
dz0
dτ

· ∇H(z0) = 0,

dz0
dτ

· ∇ζµ(z0) = 0,

⇒ dz0
dτ

= −J∇H(z0),

where J is the canonical Poisson tensor, i.e., {f, g} = ∇f · J∇g.
• The reference curve O is necessarily a solution Hamilton’s equations

dz0
dτ

= −J∇H(z0) ⇐⇒ d

dτ

(
x0
N0

)
= −

(
0 −I
I 0

)(
∇xH
∇NH

)
.
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Phase-space beam tracing w/o fluct.: paraxial expansion

• Paraxial expansion: heuristically

ζµ(z) = ζµ(z0)︸ ︷︷ ︸
=0

+(z − z0) · ∇ζµ(z0) +O(|z − z0|2),

⇒ gµνζ
µζν = (z − z0) ·G(τ)(z − z0) +O(|z − z0|3).

where
G(τ) = gµν∇ζµ

(
z0(τ)

)
⊗∇ζν

(
z0(τ)

)
.

• A similar but more precise argument yields the paraxial approximation

wκ(z) = wκp (z) +O
( 2π

κ
√
κ
Wκ

0

)
,

where

wκp (z) =
2π

κ
Wκ

0 δ
(
(z − z0) · ∇H(z0)

)
e−κ(z−z0)·G(z−z0)−Q,

Q = −2

∫ τ

0

γ(z0)dτ
′.
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Phase-space beam tracing w/o fluct.: equations

• Properties of

G(τ) = gµν∇ζµ
(
z0(τ)

)
⊗∇ζν

(
z0(τ)

)
.

• The matrix G is symmetric, positive semi-definite.
• The null space is exactly two-dimensional and given by

kerG = span
( ∂z

∂τ

∣∣∣∣
O

=
dz0

dτ
,
∂z

∂h

∣∣∣∣
O

)
, O = {z = z0(τ)}.

• We have d
dτ

∇ζµ(z0) = −D2H(z0)J∇ζµ(z0).
• In summary, the phase-space beam-tracing equations are

dz0
dτ

= −J∇H(z0),

dG

dτ
= GJD2H(z0)−D2H(z0)JG.

• The matrix G obeys the same equation obtained in the paraxial approach
to wave packets5, but for beams G is necessarily singular.

5Graefe and Schubert, Phys. Rev. A 83 (2011).
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Phase-space beam tracing w/o fluct.: recovering Physics

• Two-point correlation requires an integration in N only

ρκE(x, x
′) = (

κ

2π
)d

∫
eiκ(x−x

′)·NWκ( 1
2
(x+ x′), N

)
dN.

• Under the stronger assumption ∇NH ̸= 0 , we can construct an
“x-adapted frame”,

x = x0(τ) + yαeα(τ),

N = N0(τ) + yαfα(τ) + ηαe
α(τ).

• Then ρκE(x, x′) ≈ ρκp(x, x
′),

ρκp(x, x
′) ∝ eiκN

0
α y

α
1−

κ
4
(A+Ds)αβy

α
1y

β
1

×e−iκN
0
α y

α
2−

κ
4
(A+Ds)αβy

α
2y

β
2

×e−
κ
2
(A−Da)αβy

α
1y

β
2 ,

at
{
x = x0(τ) + yα1 eα(τ),

x′ = x0(τ) + yα2 eα(τ).
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Phase-space beam tracing w/o fluct.: pure beams

• We define θµ = (eα, fα) for µ = α, and θµ = (0, eα) for µ = d− 1 + α,

Gµν = θµ ·Gθν , G =

(
A B
tB C

)
, G =

(
A B
tB C

)
.

• Then, ρκp(x, x′) = Eκ(x)Eκ(x′)∗ if and only if G is symplectic, i.e.,

A− Da = 0 ⇐⇒ GJG = J, J =

(
0d−1 −1d−1

1d−1 0d−1

)
.

• For wave packets, the whole matrix G is symplectic6.
• At the launch point, the beam is always pure: conditions on G(0),{

A∇NH −B∇xH = 0, B∇NH = 0,
tB∇NH − C∇xH = 0, C∇NH = 0,

(at the launch point).

• Conjecture: Without fluctuations, we should have GJG = J for all τ .

6Graefe and Schubert, Phys. Rev. A 83 (2011).
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Phase-space beam tracing w/o fluct.: example 1

Free space, 3D, fully astigmatic, analytical solution.
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Phase-space beam tracing w/o fluct.: example 2

Linear density profile (linear layer), 2D, analytical solution.
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Phase-space beam tracing w/o fluct.: example 3

Linear density profile, 3D, fully astigmatic beam, analytical solution.
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Phase-space beam tracing w/o fluct.: example 4

Isotropic plasma slab, quadratic density profile, 3D, fully astigmatic beam,
numerical solution.
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Phase-space beam tracing w/o fluct.: example 5

Isotropic plasma torus, quadratic density profile, 3D, fully astigmatic beam,
numerical solution.
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Phase-space beam tracing w/ fluct.: reformulation of the WKE

• Factor out the singular part of wκ ∝ δ(H),

wκ = uκ|∇H|−1dsM,

{
uκ smooth function ,
dsM surface element on M = {H(z) = 0}.

• Equation for the smooth function uκ:

XH · ∇uκ = −2γuκ + S̃κ(uκ) on M,

with XH = −J∇H, and S̃κ(uκ) is the integral scattering operator.
• Assumptions on fluctuations:

• Neglect cross-polarization scattering Sκjl for j ̸= l.
• Gaussian correlation function

E
(
µ(x+ s

2
)µ(x− s

2
)
)
= F (x)2e−s·Ξ(x)s.
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Phase-space beam tracing w/ fluct.: paraxial expansion

• We can write
S̃κ(uκp) = S̃κdiff(u

κ
p)︸ ︷︷ ︸

diffusion limit

+ S̃κres(u
κ
p)︸ ︷︷ ︸

residual

.

• In the diffusion regime (dropping the residual)

XH · ∇uκp + 2γuκp − S̃κdiff(u
κ
p)

=
{
− 2κ

[
T1(τ, ζ) + gµµ̄d

µ̄ν̄gν̄νζ
µζν +O(|ζ|3)

]
+

[
T0(τ, ζ) + gµνd

µνc0 +O(|ζ|)
]}
e−κζ·gζ ,

where, in particular,

∆ =
√
2π

|e∗(z0)εF (x0)e(z0)|2F (x0)
2

|∇NH(z0)|

[detK−1(x0)

det Ξ(x0)

] 1
2

(
0 0
0 ∆NN

)
,

dµν = ∇ζµ(z0) ·∆∇ζν(z0),

with ∆NN = (K(x0)
−1)αβe

α ⊗ eβ , and Kαβ(x0) = eα · Ξ(x0)−1eβ .
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Phase-space beam tracing w/ fluct.: equations

• Solving the WKE within a remainder of O(1/
√
κ) requires

T1(τ, ζ) + gµµ̄d
µ̄ν̄gν̄νζ

µζν = O(|ζ|3),
T0(τ, ζ) + gµνd

µνc0 = O(|ζ|).

• In summary, we deduce

dz0
dτ

= −J∇H(z0),

dG

dτ
= GJD2H(z0)−D2H(z0)JG− 2G∆G,

dc0
dτ

= −
(
2γ(z0) + tr

(
∆G)

)
c0.

• Initial conditions and reconstruction of ρκE as before.
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Phase-space beam tracing w/ fluct.: example 0 - scattering effects

Isotropic plasma torus, quadratic density profile, 3D, astigmatic beam,
numerical solution.
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Phase-space beam tracing w/ fluct.: example 1 - no scattering

WKbeam benchmark. Free space, 3D, no fluctuations.
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Phase-space beam tracing w/ fluct.: example 1 - diff. scattering

WKbeam benchmark. Free space, 3D, diffusive regime w/Lc < 1.
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Phase-space beam tracing w/ fluct.: example 1 - non-diff. scatt.

WKbeam benchmark. Free space, 3D, non-diffusive regime w/Lc > 1.
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Phase-space beam tracing w/ fluct.: example 2 - no scattering

WKbeam benchmark. Isotropic torus, 3D, no fluctuations.
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Phase-space beam tracing w/ fluct.: example 2 - diff. scattering

WKbeam benchmark. Isotropic torus, 3D, diffusive regime w/Lc < 1.
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Phase-space beam tracing w/ fluct.: example 2 - non-diff. scatt.
WKbeam benchmark. Isotropic torus, 3D, non-diffusive regime w/Lc > 1.
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Outlook

• We have put forward a beam-tracing technique based on the WKE.
• Reduced symplecticity condition linked to “beam purity” (mixing).
• In a quiescent medium (no fluctuations), we find good agreement with the

standard beam-tracing method.
• Diffusive scattering can be accounted for.
• Non-diffusive scattering: ideas in progress7.

7Weber, Ph.D. thesis, University of Ulm (2024) https://doi.org/10.18725/OPARU-52611
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Backup slides: evaluation of the numerical error

For the case of example 3.
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