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© Introduction and motivations.
® The paraxial WKB method (beam tracing).
® The wave kinetic equation (WKE).
® Examples.
® Beam tracing in phase space without scattering.
® Exact solution of the WKE.
® Paraxial expansion of the exact solution.
® Reconstruction of the beam.
® Beam tracing in phase space with diffusive scattering.
® Paraxial ansatz for the WKE.
® Full derivation of phase-space beam-tracing equation with diffusive scattering.
® Examples.

® Outlook.



Introduction: the paraxial WKB method

* The wave equation: time-harmonic electric field with frequency w > 0,

L
Vx (Vx E¥) —w20p"(e")E" =0, k=221,

C

s“(:v,N):so(m,N)Jr%sl(x,N)+O(n72), N = ck/w,

i f\»

(%)

where Op” (&) is the integral operator associated to dielectric tensor €”.

® The paraxial WKB (pWKB) solution' (simplified for Gaussian beams)
E(2) aﬁ(w)emw(z),w(m)’ o) >0, BT ref. ray and frame

p(z) =0onacurve z = zo(7),

x =xo(7) + y“ea(r),
P(z) & o + Noy®™ + 2sasy®y’,
o) ~ $asy®y’, &> 0.

'Pereverzev, Nucl. Fusion 32 (1992); Rev. Plasma Phys. (1996); Phys. Plasmas 5 (1998).




Introduction: the paraxial WKB method cont.

® Reformulation in Cartesian coordinates:
N2(r) = ea(r) - N°(7),
(1) = (8ap(T) + idas(T) Vy* (zo(1)) ® Vi’ (z0(7))
¢ Beam tracing equations in the pWKB: (with (H,.):; = 0> H/0z'0x’ etc...)

dl‘o

=2 = VnH(zo, N°
dr \ (l’o, )7
0
aN = 7vzH(w07NO)a 20 = (:COaNO)a
dr
dv
g Hyo(z0) + WVHNz(20) + Hon (20)¥ + VHy N (20) 7,

H(Zo) = O, ‘I)VNH(Z()) = 0, SVNH(Z()) + VZH(Z()) =0.

where H is the geometrical optics Hamiltonian of the considered mode.
® One can prove that the constraints restrict the initial conditions only.



Introduction: the wave kinetic equation

 Fluctuations are represented by a time-independent random field 1 2
V x (Vx E) —k’0p"(e")E" =0, r=2E>1,
e (@, N) = eo(x, N) + J=er(z)u(z) + Lo (@, N) + O(x /).

® Assumptions on the random perturbation:

® Scaled® by 1/4/x and x> 1.
® Spatially non-dispersive (valid away from the resonance).

o Statistically averaged quantities vs samples.
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2McDonald, Phys. Rev. A 43 (1991).
3Ryzhik, Papanicolaou and Keller, Wave Motion 24 (1996).
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Introduction: the wave kinetic equation cont.

* Quantity of interests: the two-point field correlation
pi(e,a') = E(E"(2)E"(«')")
= (o) [ MW e ), N)a.
® In the semi-classical limit K — +o0, the Wigner matrix W* is (formally)
W" = ij;”eje; + O(1/k),

where ¢; are the standard geometrical optics polarization unit vectors.
® The Wigner function w solves the wave kinetic equation (WKE) for beams

K
Hjw; =0, { wj}— Q’YJwJ+§ : 1(wr', wy)
N———
dispersion relation propagatlon absorp scattering from fluct.

where {f,g} = Vnf - Va9 — Vo f - Vg is the canonical Poisson bracket.
This form of the WKE is implemented in the WKBeam code®.

“Weber et al., EPJ Web of Conferences 87 (2015).



Introduction: main idea of this work

® Contours of the Wigner function from wWkBeam for a focused beam in 2D.
5,00 \

5*Nz \

10,0250,
(Four coordinates (z, z, Ny, N.), but N, = —/1 — N2 in free space.)
® The Wigner function is concentrated around a straight line.

® We try to exploit the localization of the Wigner function using the same
ideas of pWKB method.



Phase-space beam tracing w/o fluct.: exact solution

® Fixing the mode (and dropping the mode index j), the WKE reads
Hw" =0, {H,w"} = —2yw".

e |[f VH # 0 and with suitable boundary conditions, there are canonical
coordinates z = (z, N) = z.(7, h, (),

T=71(2), h=H(z), ¢"=¢"2), p=1,...2d—2.

Particularly, {r, H} =1, {H,H} =0, and {H,{"} = 0.
® |n the new coordinates

hw"™ =0, Orw"™ = —-2yw",

and we have the analytical solution

T

w(z) = 2%5(;1)105(0 exp [ - 2/ (7 Qdr'],

0

where w{ is determined by boundary conditions and v (7, ¢) = | z=o.



Phase-space beam tracing w/o fluct.: reference curve

® For Gaussian beams, we choose the boundary condition

wi (¢) = Wy exp [f ngwc“g”], g = (g9uv) Symmetric, positive-definite.

® Then, as kK — +oo, the solution w” is concentrated on the curve
O ={H(z) =0} N{¢(z) =0} = {z = 20(7)},

and since {H,H} =0, {H,("} =0,

dZo

90 T H(z) =0,

A = ? — —JVH(z0),
0 V¢t (20) =0, ’

dr
where J is the canonical Poisson tensor, i.e., {f,g} =V f - JVg.
® The reference curve O is necessarily a solution Hamilton’s equations

dzo d (xz0) 0 I Vo H
ﬁf—JVH(Zo) <~ E(N())*_(I O) <VNH>.



Phase-space beam tracing w/o fluct.: paraxial expansion e

® Paraxial expansion: heuristically

¢"(2) = ¢"(20) +(z = 20) - V(" (20) + O(|2 — 20[*),
\264

= g ("¢ = (2 = 20) - G(7)(z — 20) + O(lz — 20|*).

where

G(r) = g1 V¢* (20()) © VC" (20(7)). |

® A similar but more precise argument yields the paraxial approximation

w"(z) = wi(2) + o(mwo ),
where
2

wy (2) = ;FW({"d((z —20) VH(zo))e_”(Z_ZO)'G(Z_ZO)_Q,

Q= —2/T v(20)d7".
0



Phase-space beam tracing w/o fluct.: equations

® Properties of
G(1) = gu V" (20(1)) @ V¥ (20(7)).

® The matrix G is symmetric, positive semi-definite.
® The null space is exactly two-dimensional and given by

B _dzp Oz R
ker G = span (E O—;,% 0)7 O ={z=2z(1)}.

* We have -LV(H(20) = —D?H(20)JV(H(20).
® In summary, the phase-space beam-tracing equations are

0z

d
% = —JVH(z),
% = GJD*H(z) — D*H(20)JG.

® The matrix G obeys the same equation obtained in the paraxial approach
to wave packets®, but for beams G is necessarily singular.

5Graefe and Schubert, Phys. Rev. A 83 (2011).



Phase-space beam tracing w/o fluct.: recovering Physics

® Two-point correlation requires an integration in N only
K

prs

® Under the stronger assumption | Vx H # 0|, we can construct an

“r-adapted frame”,

p}}(m,m/) _ ( )d/em(zfz)-NWn(%(mer/)’N)dN.

PSBT ref. ray and frame
z=w0(7) + y ea(r),
N = N°%7) + y*fa(7) + nae™(1).

* Then pi(z,a') ~ pfj(x, '),
ik NOy§ — £ (A+D*) sy v

or(z,x’) oce .
—inNOy3— B (A+D)wsudl gt { & =2o(r) +yieal),

xXe

— 5 (A-D"asvivs
xXe 2 ERERE



Phase-space beam tracing w/o fluct.: pure beams

® We define 0, = (eq,fa) foru =a,and 6, = (0,e*)foru=d—1+ a,

A B A B
G = 0, - GO, G:(tB C), G:(tB C).

® Then, pj;(z, ") = E*(z)E"(z")* if and only if G is symplectic, i.e.,

a_ — ~ (04-1 —1g-1
A-D"=0 < |GJG =], J_(ld—l Od—l).

* For wave packets, the whole matrix G is symplectic®.

At the launch point, the beam is always pure: conditions on G(0),

AVNH — BV,H =0, BVNH =0, )
. (at the launch point).
BVNyH - CV.H =0, CVNH =0,

e Conjecture: Without fluctuations, we should have GJG = J for all .

8Graefe and Schubert, Phys. Rev. A 83 (2011).



Phase-space beam tracing w/o fluct.: example 1

Free space, 3D, fully astigmatic, analytical solution.

Reference ray (x%, x*)-plane

Reference ray (x%, x?)-plane
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Phase-space beam tracing w/o fluct.: example 2

Linear density profile (linear layer), 2D, analytical solution.

Reference ray
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Phase-space beam tracing w/o fluct.: example 3

Linear density profile, 3D, fully astigmatic beam, analytical solution.

Reference ray (x%, x*)-plane Reference ray (x*, x?)-plane
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Phase-space beam tracing w/o fluct.: example 4

Isotropic plasma slab, quadratic density profile, 3D, fully astigmatic beam,

numerical solution.

Reference ray (x*, x*)-plane

Reference ray (x*, x2)-plane
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Phase-space beam tracing w/o fluct.: example 5

Isotropic plasma torus, quadratic density profile, 3D, fully astigmatic beam,
numerical solution.

Reference ray (x!, x*)-plane
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\ Reference ray (x, x?)-plane
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Phase-space beam tracing w/ fluct.: reformulation of the WKE

® Factor out the singular part of w" «x §(H),

" smooth function ,

w® =" |VH| 'dspm,
dsa surface element on M = {H(z) = 0}.

® Equation for the smooth function ":
Xy - Vu®™ = =290 + §"(u") on M,

with Xy = —JVH, and S*(u") is the integral scattering operator.
® Assumptions on fluctuations:
® Neglect cross-polarization scattering S5 for j # L.
® Gaussian correlation function

E(p(z + $)ulz — 5)) = F(z)2e ==,




@)

Phase-space beam tracing w/ fluct.: paraxial expansion e

e We can write

5" (up) = Sain(up) + Sres(uy) .
N——
diffusion limit residual

® |n the diffusion regime (dropping the residual)
X - Vul 4 2yuly — Sgi(up)
= { =26 [T, + 9und™ g ¢ + O(ICP)
+ [To(7, Q) + guud e + O(ICD | Je 7,
where, in particular,

s = el I (40,

d‘w = VCM(Z()) . AVCV(Zo),

with Ayy = (K(mo)il)agea ® eB, and Kaﬁ(l‘o) =e%. E(Z‘o)ileﬁ.



Phase-space beam tracing w/ fluct.: equations

® Solving the WKE within a remainder of O(1/+/k) requires
Ti(7,¢) + 9uad™ g5 C"¢" = O(I]),
To(7,¢) + gud™co = O([C]).

® |n summary, we deduce

d

dZTO = —JVH (z),

ZG = GJD?*H(z) — D*H(20)JG — 2GAG,
—

(ZC: = —(27(20) + tr (AG))co.

® |nitial conditions and reconstruction of p%, as before.



Phase-space beam tracing w/ fluct.: example 0 - scattering effects

Isotropic plasma torus, quadratic density profile, 3D, astigmatic beam,

numerical solution.

Reference ray (x’, x*)-plane

Reference ray (x?, x?)-plane
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Phase-space beam tracing w/ fluct.: example 1 - no scattering

WKbeam benchmark. Free space, 3D, no fluctuations.

X3
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beam projection (x%, x3)-plane
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Phase-space beam tracing w/ fluct.: example 1 - diff. scattering

WKbeam benchmark. Free space, 3D, diffusive regime w/L. < 1.

beam projection (x*, x?)-plane

beam projection (x%, x?)-plane
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Phase-space beam tracing w/ fluct.: example 1 - non-diff. scatt.

WKbeam benchmark. Free space, 3D, non-diffusive regime w/L. > 1.

beam projection (x*, x3)-plane beam projection (x*, x?)-plane
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Phase-space beam tracing w/ fluct.: example 2 - no scattering

WKbeam benchmark. Isotropic torus, 3D, no fluctuations.

beam projection (x*, x)-plane

beam projection (x!,x?)-plane

projected beam width beam section at T=73.6

WKBeam wi, —— WKBeam XY
—— WKBeam wy; g
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Phase-space beam tracing w/ fluct.: example 2 - diff. scattering

WKbeam benchmark. Isotropic torus, 3D, diffusive regime w/L. < 1.

beam projection_(x?, x*)-plane

beam projection_(x*, x2)-plane
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Phase-space beam tracing w/ fluct.: example 2 - non-diff. scatt.
WKbeam benchmark. Isotropic torus, 3D, non-diffusive regime w/L. > 1.

beam projection (x%, x*)-plane
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Outlook

® We have put forward a beam-tracing technique based on the WKE.

Reduced symplecticity condition linked to “beam purity” (mixing).

® |n a quiescent medium (no fluctuations), we find good agreement with the
standard beam-tracing method.

o Diffusive scattering can be accounted for.
¢ Non-diffusive scattering: ideas in progress’.

"Weber, Ph.D. thesis, University of Ulm (2024) https://doi.org/10.18725/0PARU-52611
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Backup slides: evaluation of the numerical error

For the case of example 3.
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10 —— BT ref. ray ermor ~—— BT refr. ind. emor
— psoret.rayemor | O] — psb ref ina. emor
08 .
06 4
3
04
2
02
1
00
[ 100 200 300 400 500 3 100 200 300 400 500
number of points in T number of points in T
le-7 error on the G matrix error on the S and ® matrices
— emrons
6 — emrono
0.0010
5
0.0008
4
0.0006
3
) 0.0004
1 0.0002
0 0.0000
0 100 200 300 400 500 0 100 2 300 400 500

00
number of points in T number of points in T

1 OMAR MA NNES W R AND EMANUELE POLI | RFPPC MAY A ACING IN PHASE SPAC



